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Analytical theory for the time-resolved dynamical Franz-Keldysh effect under
circularly polarized light
T. Otobe
1National Institutes for Quantum and Radiological Science and Technology, Kyoto 619-0215, Japan
We report here the analytical formula for the time-resolved dynamical Franz-Keldysh effect (Tr-
DFKE) under circularly polarized light. We assume the Houston function as the time-dependent
wave function of the parabolic two-band system. Our formula shows that the sub-cycle change of the
optical properties disappears, which is a significant feature of the Tr-DFKE under linear polarized
light and is different from the static Franz-Keldysh effect.
I. INTRODUCTION
In the last two decades, advances in laser sciences and
technologies have led to intense coherent light with differ-
ent characteristics becoming available. Ultra-short laser
pulses can be as short as a few tens of an attosecond,
forming the new field of attosecond science [1]. Intense
laser pulses of mid-infrared (MIR) or THz frequencies
have also become available recently [2, 3]. By employ-
ing these extreme sources of coherent light, it is possible
to investigate the optical response of materials in real
time with a resolution much lower than an optical cycle
[1, 4–8].
The dielectric function ε(ω) is the most fundamental
quantity characterizing the optical properties of matter.
The dielectric function observed in an ultra-fast pump-
probe experiment should be further considered as a probe
time (T ) dependent function, ε(T, ω). The modulation of
the dielectric function ε(ω) in the presence of electromag-
netic fields has been a subject of investigation for many
years. The change under a static electric field is known as
the Franz-Keldysh effect (FKE) [9–16], and that under
an alternating electric field is known as the dynamical
FKE (DFKE) [17–22].
Recently, we determined the sub-cycle change of the
optical properties, i.e., time-resolved DFKE (Tr-DFKE),
which corresponds to the response and quantum path in-
terference of a different phase locked dressed state [23].
In particular, this ultra-fast change exhibits an interest-
ing phase shift that depends on the field intensity and
probe frequency. By utilizing this phenomenon, we can
produce an ultra-fast modulator of light or an ultra-fast
optical switch.
In previous work, we showed that the field intensity of
the pump light and the band width of the probe pulse
are crucial parameters [23]. Another possible control pa-
rameter is the polarization of the light. In this work,
we present the analytical formula for the DFKE under a
circularly polarized pump light. We found that the time-
dependent change in the optical properties completely
disappears under a circularly polarized pump light. Our
formula and numerical results indicate that the response
of the each dressed states is still important.
The present organized as follows. In Sec. II, we will
develop an analytical formulation for the Tr- DFKE un-
der a circularly polarized light by employing a parabolic
two-band model. In Sec. III, we will present the numeri-
cal results and compare with them with the DFKE under
a linearly polarized light and static FKE. In Sec. IV, a
summary will be given.
II. FORMULATION
To derive the time-dependent conductivity, we will re-
visit a simple model that we reported in a previous work
[23]. The probe electric field is assumed to be weak
enough to be treated using the linear response theory.
We denote the electric current caused by the probe field
as Jp(t), which is assumed to be parallel to the direc-
tion of the probe electric field. Thees are related by the
time-domain conductivity σ(t, t′) as
Jp(t) =
∫ t
−∞
dt′σ(t, t′)Ep(t
′), (1)
where Ep(t
′) is the electric field of the probe pulse. We
note that the conductivity σ(t, t′) depends on both times
t and t′ rather than the just time difference t− t′ due to
the presence of the pump pulse.
In the following developments, we will consider a sim-
plified description: electron dynamics in the presence of
the pump and probe fields is assumed to be described
by a time-dependent Schro¨dinger equation for a single
electron,
i
∂
∂t
ψn(~r, t) =
[
1
2me
(
~p+
e
c
~A(t)
)2
+ V (~r)
]
ψn(~r, t) (2)
where ψn(~r, t) is the time-dependent wave function of n-
th band, ~A(t) is the vector potential of the pump light
field, and V (~r) is a time-independent, lattice periodic
potential. In this paper, we employ the atomic units
for all equations. We express the solution of this equa-
tion using the time-dependent Bloch function vn~k(~r, t) as
ψn(~r, t) =
∑
~k e
i~k~rvn~k(~r, t), where
~k is the Bloch wavevec-
tor.
We further assume that in the presence of the pump
field described by a vector potential ~AP (t), the solution
of Eq. (2) is well approximated by the Houston function
[17, 24]. Using static Bloch orbitals un~k(~r), and orbital
2energies ǫn~k which satisfy[
1
2me
(
~p+ ~k
)2
+ V (~r)
]
un~k(~r) = ǫn~kun~k(~r), (3)
the Houston function can be expressed as
wn~k(~r, t) = un~kP (t)(~r) exp
[
−i
∫ t
ǫn~kP (t′)dt
′
]
, (4)
where ~kP (t) is defined by ~kP (t) = ~k + e ~AP (t)/c.
We will consider a circularly polarized electric field
with the vector potential,
~AP (t) = A0(cosΩt, sinΩt, 0). (5)
Since the pump electric field which is periodic in time,
we have ~AP (t+ TΩ) = ~AP (t), where TΩ is the period of
the pump field and is related to the frequency Ω by TΩ =
2π/Ω. The conductivity σ(t, t′) also has the periodicity,
σ(t, t′) = σ(t − TΩ, t′ − TΩ). (6)
We will produce a Fourier expansion of σ(t, t− s) which
is periodic in t with the period TΩ,
σ(t, t− s) =
∞∑
n=−∞
einΩtσ(n)(s), (7)
where σ(n)(s) is defined by
σ(n)(s) =
1
TΩ
∫ TΩ
0
dte−inΩtσ(t, t− s). (8)
The time-resolved frequency-dependent conductivity
σ˜I(Tp, ω) for an impulsive probe field can be expressed
as
σ˜I(Tp, ω) =
∑
n
einΩTp σ˜(n)(ω + nΩ), (9)
where σ˜(n)(ω) is the Fourier transform of σ(n)(s). For a
general probe field of
Ep(t) = fp(t− Tp)e−iω(t−Tp) (10)
with the envelope function fp(t), the conductivity defined
by Eq. (9) becomes
σ˜(T, ω) =
∫
dsf(s)σ˜I(Tp + s, ω)e
i(ω−ω0)s∫
dsf(s)ei(ω−ω0)s
=
∑
n
f˜p(ω + nΩ− ω0)
f˜p(ω − ω0)
einΩTpσ(n)(ω + nΩ), (11)
where f˜p(ω) is the Fourier transform of fp(t). In the
case of linearly polarized light, f˜p(ω) is the important
parameter [23].
A. Parabolic two-band model
We will introduce a two-band model, considering only
two orbitals in the sum the occupied valence (v) and un-
occupied conduction (c) bands. The excitation energy
from the valence band to the conduction band is assumed
to have a parabolic form,
ǫc~k − ǫv~k ≃
k2
2µ
+ ǫg, (12)
where ǫg is the band gap energy and µ is the reduced
mass of electron-hole pairs.
The time-dependent conductivity for parabolic two-
band system can be written as
σ(T, ω) =
∫ ∞
−∞
dseiωsσ(T, T − s)
=
ie2
meω
ne +
e2|pcv|2
m2eωV
∫ ∞
0
dseiωs
×
∑
~k
[
e
−i
∫
s
0
dy
{
1
2µ (~k+
e
c
~A(T−y))
2
+εg
}
− ei
∫
s
0
dy
{
1
2µ (~k+
e
c
~A(T−y))
2
+εg
}]
. (13)
The integral in the exponential is calculated as∫ s
0
dy
{
1
2µ
(
~k +
e
c
~A(T − y)
)2
+ εg
}
≡ (εg + εk + Uc) s
− θ1 {sin(Ω(T − s)− φ)− sin(ΩT − φ)} , (14)
where θ (φ) is the angle between the propagation direc-
tion (x-axis) and ~k . Here we introduce
Uc =
e2A20
2µc2
, (15)
and
θ1 =
ekA0 sin θ
µcΩ
, (16)
where Uc is the kinetic energy of the electron-hole pair
which corresponds to the ponderomotive energy Up =
e2A2
0
4µc2 under a linearly polarized light.
The Fourier transformation of Eq. (14) is written as∫∞
0
dseiωs exp [−i (εg + εk + Uc) s
− θ1 {sin(Ω(T − s)− φ) − sin(ΩT − φ)}]
=
∑
l,l′
Jl(θ1)Jl′(θ1)
∫ ∞
0
dseiωs exp [−i (εg + εk + Uc) s]
× exp[−il(Ω(T − s)− φ) + il′(ΩT − φ)]
= i
∑
l,m
Jl(θ1)Jl+m(θ1)
exp[im(ΩT − φ)]
ω − (εg + εk + Uc + lΩ) , (17)
3where Jl is the l’th order Bessel function. In the last
step in Eq. (17), we change l′ to l + m to simplify the
equation.
By substituting Eq. (17) into Eq. (13), the σ(T, ω)
can be expressed by the simple form,
σ(T, ω) =
ie2
meω
ne
+
ie2|pcv|2
m2eωV
∑
~k,l,m
Jl(θ1)Jl+m(θ1)
×
[
eim(ΩT−φ)
ω − (εg + εk + Uc + lΩ)
− e
−im(ΩT−φ)
ω + (εg + εk + Uc + lΩ)
]
. (18)
From the Fourier transformation of σ(T, ω), the compo-
nent in Eq. (9) is
σ˜(n)(ω) =
1
TΩ
∫ TΩ
0
dte−inΩtσ(t, ω)
=
ie2
meω
neδn,0 +
ie2|pcv|2
m2eωV
∑
~k,l
×
[
Jl(θ1)Jl+n(θ1)e
−inφ
ω − (εg + εk + Uc + lΩ)
− Jl(θ1)Jl−n(θ1)e
inφ
ω + (εg + εk + Uc + lΩ)
]
. (19)
Now, we have the time-dependent conductivity,
σ(T, ω) =
∑
n
einωT σ˜(n)(ω + nΩ)
=
ie2
meω
ne +
∑
~k,l,n
ie2|pcv|2
m2e(ω + nΩ)V
einωT
×
[
Jl(θ1)Jl+n(θ1)e
−inφ
ω + nΩ− (εg + εk + Uc + lΩ)
− Jl(θ1)Jl−n(θ1)e
inφ
ω + nΩ+ (εg + εk + Uc + lΩ)
]
. (20)
We can change the sum over ~k into integral by
1
V
→ µ
3/2
2
√
2π3
∫ ∞
0
√
εkdεk
∫ 1
−1
d cos θ
∫ 2π
0
dφ (21)
Then the Eq. (20) has the form,
σ(T, ω) =
ie2
meω
ne +
∑
l,n
ie2|pcv|2µ3/2√
2π2m2eω
× einωT
∫ ∞
0
√
εkdεk
∫ 1
−1
d cos θJ2l (θ1)
×
[
δn,0
ω − (εg + εk + Uc + lΩ)
− δn,0
ω + (εg + εk + Uc + lΩ)
]
. (22)
The delta function, δn,0, which is derived from the in-
tegration about the angle φ, omit the time-dependent
oscillation. Thus, the time-dependent conductivity be-
comes time-independent function. As the final result, we
obtain the following expression for the real-part of the
conductivity,
Reσ(ω) =
∑
l
e2|pcv|2µ3/2√
2π2m2eω
× (ξl(k+)
√
ǫ+k,l − ξl(k−)
√
ǫ−k,l), (23)
where
ξl(k) =
∫ 1
−1
d cos θJ2l (θ1) (24)
and k( k±) is related to ǫk (ǫ
±
k ) by k =
√
2µǫk. ǫ
±
k are
defined by
ǫ±k,l = ±ω − (ǫg + Uc + lΩ). (25)
Under a linearly polarized field, the Fourier component
of the probe field in Eq. (11) also controls the response.
However, under a circularly polarized light, this probe
field dependence disappears.
The conductivity is connected to the dielectric function
by the relationship
ε(ω) = 1 + i
4π
ω
σ(ω). (26)
The important feature of Eq. (22) is the absence of the
time-dependence, in contrast to the linear polarized case
[23]. The time-dependent change of the optical properties
under linear polarized light is due to the response of the
different dressed state. In the case of circularly polarized
light, this effect disappears due to the integration about φ
that corresponds to the average of the time dependence.
In real system, since the reduced mass depends on the θ
and φ, the time-dependence by the angle dependence of
µ should appears.
B. Comparison between circularly and linearly
polarization
We will now revisit the Tr-DFKE with linearly polar-
ized light for the purpose of comparison. The real-part of
the time-dependent conductivity Reσ˜l(Tp, ω) is expressed
as,
ReσL(Tp, ω) =
∞∑
m=−∞
e2µ3/2|(pα)vc|2√
2π2m2e(ω + 2mΩ)
× f˜p(ω + 2mΩ− ω0)
f˜p(ω − ω0)
[
Cm(ω) cos 2mΩTp
+Sm(ω) sin 2mΩTp
]
. (27)
4Coefficients Cm(ω) are given by
Cm(ω) =
∑
l
π
[√
ǫL,+k ξ
L
l,2m(k
+)−
√
ǫL,−k ξ
L
l,−2m(k
−)
]
,(28)
where ǫL,±k are defined by
ǫL,±k = ±(ω + 2mΩ)− (ǫg + Up + lΩ), (29)
and
ξLl,2m(k) =
∫ 1
−1
d(cos θL)Jl(α, β)Jl−2m(α, β). (30)
Here, Jl(α, β) is the generalized Bessel function [23, 25],
θL is the angle between polarization direction and ~k,
α =
ekA0 cos θ
L
µcΩ
, (31)
and
β =
e2A20
8µc2Ω
. (32)
The coefficients Sm(ω) are given by
Sm(ω) = −
∫ ∞
0
√
ǫkdǫk
×
∑
l
[
ξLl,2m(k)
ω + 2mΩ− (ǫk + ǫg + Up + lΩ)
+
ξLl,−2m(k)
ω − 2mΩ+ (ǫk + ǫg + Up + lΩ)
]
. (33)
We note that although the Tr-DFKE under the circu-
larly polarized light depends on the two parameters, θ1
and Uc, the Tr-DFKE under the linearly polarized light
depends on three, α, β, and Up. In particular, β is the
ratio between the ponderomotive energy and the pho-
ton energy of the pump laser which corresponds to the
adiabatic parameter, γ = Up/Ω [19]. In the case of the
circularly polarization, γ is not included in Eq. (23). On
the other hand, the eA0/µcΩ appears in Eq. (23) and
Eq.(27) .
III. NUMERICAL RESULTS
In this section we aim to demonstrate the quantita-
tive difference between circular and linear polarization
by comparing the numerical results. α-quartz is a typi-
cal dielectrics used in non-linear laser-matter interaction
studies, and we selected it as an example with which to
illustrate the application of the foregoing formalism. We
assumed that the band gap, εg, was 9 eV, the effective
mass µ was 0.5me, and the transition moment Pcv was
one.
Figure (1) show the change of the imaginary part of
the dielectric function, ∆Im[ε(ω)]. The maximum field
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FIG. 1. Change in Im[ε(ω)] under the coherent light field
with frequency of 0.4 eV and a field intensity 10 MV/cm.
(Red solid line) The ∆Im[ε(ω)] under circularly polarized
light. (Blue dotted line) Time averaged ∆Im[ε(T, ω)] under
linearly polarized light. (Green dash-dotted line) Time aver-
aged ∆Im[ε(T, ω)] under linearly polarized light with a peak
field intensity of 14 MV/cm. (Black dashed line) The static
FKE [11].
intensity was 10 MV/cm and the Ω was 0.4 eV. The red
solid line presents the circularly polarized light. The ex-
ponentially tail below the band gap, which is one of the
feature of the Franz-Keldysh effect, can be seen. The os-
cillation above the band gap is owing to the absorption
by the different l−th dressed states and the blue shift
of the band gap by Uc. In this case, the Uc is approxi-
mately 0.5 eV which corresponds to the energy at which
∆Im[ε(ω)] becomes zero.
The time-averaged DFKE under linearly polarized
light is presented by the blue dotted line. The overall fea-
tures are quite different to the circularly polarized case.
The most obvious difference is the amount of the blue
shift, since the ponderomotive energy (Up) under the lin-
early polarized light is half of the Uc.
At the same field intensity, the photon density for cir-
cularly polarized light is twice that for linearly polarized
light. The time-averaged DFKE under linearly polar-
ized light, whose photon density was equal to that of
circularly polarized light, is presented by the green dash-
dotted line. In this case, not only the amount of blue
shift, but also the behavior below the band gap is similar
to the result with the circularly polarized light. How-
ever, the oscillation above 9.5 eV is in contrast, with the
difference possibly occurring due to the feature of each
dressed state. The intensities of dressed states are ex-
pressed by the generalized Bessel function for linearly
polarized light. On the other hand, for circularly polar-
ized light, the dressed state is expressed by the Bessel
function.
5As a reference, the numerical result for the static FKE
[11] is represented by the blak dashed line. Since the
applied field intensity is stable with circular polariza-
tion, the tunneling effect is expected to be similar to the
static FKE. As expected, the behavior under the band
gap agrees with the case of the circularly polarized light.
However, the oscillation above the band gap is different.
This result indicates that the FKE under the circularly
polarized light is not equivalent to the static FKE, even
though the intensity of the electric field is static. Thus,
the interpretation by the dressed states is indispensable.
IV. SUMMARY
We present the analytical DFKE formulation for circu-
larly polarized light. We found that the time-dependent
change of the optical properties observed under the lin-
early polarized light disappears. Therefore, the linearly
polarized light is suitable for the ultrafast control of the
material response. On the other hand, the response of
the dressed state is still important for understanding the
change in the optical properties caused by a circularly
polarized light field. We also find that the γ = Up/Ω is
not important parameter for the circularly polarization
case, but the value eA0/µcΩ is important for both of the
circular and linear pump light.
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